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Volume Integral Equation Method for Multiple Anisotropic Inclusion
Problems in an Infinite Solid under Uniaxial Tension

Jung-Ki Lee

ABSTRACT

A volume integral equation method (VIEM) is introduced for the solution of elastostatic problems in an
unbounded isotropic elastic solids containing interacting multiple anisotropic inclusions subject to remote
uniaxial tension. The method is applied to two-dimensional problems involving long parallel cylindrical
inclusions. A detailed analysis of stress field at the interface between the matrix and the central inclusion is
carried out for square and hexagonal packing of the inclusions. Effects of the number of anisotropic inclusions
and various fiber volume fractions on the stress field at the interface between the matrix and the central
inclusion are also investigated in detail. The accuracy of the method is validated by solving the single inclusion
problem for which solutions are available in the literature.
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Fig. 3 A typical discretized model in the volume integral equation method.
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) . Table 1 Material properties of the isotropic matrix and the orthotropic
VIEM 'SOtr(';z'cu'Samx inclusion for the elastostatic problems

Fig. 2 Multiple orthotropic cylindrical inclusions in unbounded isotropic
matrix under uniform remote tensile loading.
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(Unit: GPa) Isotropic Matrix Orthotropic Inclusion
A 67.34 -
i 37.88 -
iy 143.10 279.08
ci2 67.34 7.80
cn 143.10 30.56
Cé6 37.88 11.80

Table 2 Fiber separation distances according to different fiber volume

fractions
Fiber Fi . . . . .
volume iber separation distance / Radius of inclusion (d/a)
fraction
(©) Square array Hexagonal array
0.20 3.9633 4.2589
0.25 3.5449 3.8093
0.30 3.2360 3.4774
0.35 2.9960 3.2194
0.40 2.8025 3.0115
0.45 2.6422 2.8392
0.50 2.5066 2.6935
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Fg. 4 A typical discretized model in the volume integral equation method.
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Table 3 Nonmalized tersile stress comporent (Gw/0x) Within the orthotropic
cyllndncal inclusion due to uniform remote tensile loading
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Table 4 Normmalized tensile stress component (Oxx/()xx) at the interface (b)
between the matrix and the central inclusion for models 200
containing square array of 9, 25 and 49 othotropic inclusions = Square Packing of 49 Orthotropic Inclusions
due to uniform remote tensile loading (oxx) g . —-—Ssingle
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Fig. 5 Normalized tensile stress component (oxx/oxx) at the interface
0.30 2 1.32212 124455 1.23093 between the central orthotropic inclusion and the isotropic
49 1.32421 1.24593 1.23239 matrix under uniform remote tensile loading (ox).
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Fig. 6 A typical discretized model in the volume integral equation
method for hexagonal inclusion packing array.
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Fig. 7 Nommalized tensile stress component (Oxx/()xx) at the interface
between the central orthotropic inclusion and the isotropic
matrix under uniform remote tensile loading (ox’).
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Table 5 Normalized tensile stress component (Oxx/OxxU) at the interface
between the matrix and the central inclusion for models
containing hexagonal array of 7, 19 and 37 grthotropic
inclusions due to uniform remote tensile loading (oxx)

Fiber Number Location

Volume "

Fraction ° o o o

(©) Inclusions 6=0 6=45 6=90
7 1.26604 1.21766 1.18057

0.20 19 1.26415 1.21679 1.18090
37 1.26511 1.21754 1.18121

7 1.28610 1.20884 1.14720

0.25 19 1.28452 1.20991 1.15152
37 1.28570 1.21079 1.15208

7 1.30272 1.19695 1.12023

0.30 19 1.29940 1.19765 1.12592
37 1.30018 1.19905 1.12762

7 1.32131 1.18485 1.09750

0.35 19 1.31744 1.18551 1.10393
37 1.31622 1.18684 1.10669

7 1.33950 1.17023 1.07776

0.40 19 1.33541 1.17188 1.08644
37 1.33542 1.17359 1.08928

7 1.35748 1.15576 1.06672

0.45 19 1.35469 1.15766 1.07632
37 1.35352 1.15959 1.07977

7 1.37446 1.14079 1.06474

0.50 19 1.37373 1.14317 1.07685
37 1.37245 1.14558 1.08063
e TRt WSS ARBSte] 1 diEe AEeE HST

] #lx]u}7)(benchmark)dt 4= Q=2 31¢ch
4. 3 £

B owmBolAE oy WAl Wl Bimel ¢
ol ulAE el tjste] AL Slstel, AH HE
WgAolels ARe SAWH PHS Hgstel,
4 BRG] tel AT oy WAV ZEE B
aA7E A FEelEe e o EFdARe] Wse §
SEE R RO EE !

Az, T4 7R o9 Aw oA IRATE 1)
AA7EY N e, 2) 87 W e zeEe] 9
= A9l thele] ware) morth Am oA weAlel Wi
Aol AT Er He7E Fejel 247 Aol A
o AHul7k 02058 0.507H 0.05uEH oFE . Fo
of YAIg AaL ol FFAL} A 7R AAHAA
o) olggY Rmo wisks zAplec

A, B gAY ARPAEE olgslel 1
shg agn w2 gelgons, o d7dEel hE o
o S Aol 7 sl HYES PEY o WA
ul7)(benchmark)& 4= =2 3} ch

% 7]

B ATl 3471904 2000dE AAdY /g

& HAAL ARlelH AUSHE ATFIAR +E ol
Ao gaf Ao FAE e

A ]

o

1) Eshelby, J.D., “The Determination of the Elastic Field
of an Ellipsoidal and Related Problems,”
Proceedings of the Royal Society of London, Series A,
A241, 1957, pp. 376-396.

Hashin, Z., Theory of Fiber Reinforced Materials, NASA
CR-1974, 1972.

Yang, H.C. and Chou, Y.T., “Generalized Plane Problems of
Elastic Inclusions in Anisotropic Solids',” Transactions of
the ASME, Journal of Applied Mechanics, Vol. 43, 1976
(Sep.), pp. 424-430.

Achenbach, J.D. and Zhu, H., “Effect of Interphases on Micro
and Macromechanical Behavior of Hexagonal-Array Fiber
Composites,” Transactions of ASME, Journal of Applied
Mechanics, Vol. 57, 1990, pp. 956-963.

Christensen, R.M., Mechanics of Composite Materials, Krieger
Pub. Co., Florida, 1991.

Nimmer, R.P., Bankert, R.J., Russel, E.S., Smith, G.A.
and  Wright, PK., “Micromechanical Modeling of
Fiber/Matrix Interface Effects in Transversely Loaded
SiC/Ti-6-4 Metal Matrix Composites,” Journal of Composites
Technology & Research, Vol. 13, 1991, pp. 3-13.

Zahl, D.B. and Schmauder, S., “Transverse Strength of
Continuous Fiber Metal Matrix Composites,” Computational
Materials Science, Vol. 3, 1994, pp. 293-299.

Lee, JK. and Mal, AK., “A Volume Integral Equation
Technique for Multiple Inclusion and Crack Interaction
Problems,” Transactions of the ASME, Journal of Applied
Mechanics, Vol. 64, 1997 (Mar.), pp. 23-31.

Lee, J. and Mal, A., “Characterization of Matrix Damage

Inclusion,

4

=

5)

6)

7

8)

9)
in Metal Matrix Composites under Transverse Loads,”
Computational Mechanics, Vol. 21, 1998, pp. 339-346.
Naboulsi, S., “Modeling Transversely Loaded Metal-Matrix
Composites,” Journal of Composite Materials, Vol. 37,
2003, pp. 55-72.

Aghdam, M.M. and Falahatgar, S.R., “Micromechanical
Modeling of Interface Damage of Metal Matrix Composites

10)

11)

Subjected to Transverse Loading,” Composite Structures,
Vol. 66, 2004, pp. 415-420.



2345 5 4 9% 2010. 8 A% sk W 73

_?{_4‘
o
2
2

=
ot
o
o
S
o
o
oL

by g A S 9]

12) Lee, J.K., Han, H.D. and Mal, A., “Effects of Anisotropic
Fiber Packing on Stresses in Composites,” Computer
Methods in Applied Mechanics and Engineering, Vol. 195,
No. 33-36, 2006, pp. 4544-4556.

13) Ju, J.W. and Ko, Y.F., “Micromechanical Elastoplastic Damage
Modeling for Progressive Interfacial Arc Debonding for
Fiber Reinforced Composites,” International Journal of
Damage Mechanics, Vol. 17, 2008, pp. 307-356.

14) Mal, AK. and Knopoff, L., “Elastic Wave Velocities in
Two Component Systems,” Journal of the Institute of
Mathematics and its Applications, Vol. 3, 1967, pp.
376-387.

15) Lee, J.K. and Mal, A.K., “A Volume Integral Equation
Technique for Multiple Scattering Problems in Elastodynamics,”
Applied Mathematics and Computation, Vol. 67, 1995,
pp. 135-159.

16) Lee, K.J. and Mal, AK., “A Boundary Element Method

for Plane Anisotropic Elastic Media,” Journal of Applied

Mechanics, Vol. 57, 1990, pp. 600-606.

Buryachenko, V.A., Micromechanics of Heterogeneous

Materials, Springer, New York, 2007.

Banerjee, P.K., The Boundary Element Methods in

Engineering, McGraw-Hill, England, 1993.

PATRAN User’s Manual, Version 7.0, MSC/PATRAN,

1998.

20) Hwu, C. and Yen, W.J., “On the Anisotropic Elastic

Inclusions in Plane Elastostatics,” Transactions of ASME,

Journal of Applied Mechanics, Vol. 60, 1993 (Sep.), pp.

626-632.

Lee, JK., Choi, S.J. and Mal, A., “Stress Analysis of

an Unbounded Elastic Solid with Orthotropic Inclusions

17

~

18

=

19

~

21

~

and Voids Using a New Integral Equation Technique,”
International Journal of Solids and Structures, Vol. 38
(16), 2001, pp. 2789-2802.

Mal, AK. and Singh, S.J., Deformation of Elastic Solids,
Prentice Hall, New Jersey, 1991.

22

~



