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The Crack Problem for Functionally Graded Piezoelectric Ceramic Strip

Jeong Woo Shin™, Sung Chan Kim"

ABSTRACT

We consider the problem of determining the singular stresses and electric fields in a functionally graded
piezoelectric ceramic strip containing a Griffith eccentric crack under anti-plane shear loading with the theory of
linear piezoelectricity. Fourier transforms are used to reduce the problem to the solution of two pairs of dual
integral equations, which are then expressed to a Fredholm integral equation of the second kind. Numerical
values on the stress intensity factor and the energy release rate are obtained.
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2] A D315 (anti-plane shear loading)S T 7|5 44 ¢+A Alge) F3 A E(functionally graded piezoelectric ceramic
strip)e] A3t 4% el T FaAsA EAste §3@ 2219 FA(Griffith crack)el e Eol-3H(singular stress)
F A7 Aelectric fieldyS A3 %A ol Z(theory of linear piezoelectricity)2 o]&ato] ZAA 3tk Fglo] WE(Fourier
transform)& o] &38te] E3HE WA S TAEY, o2 A2%F Fredholm A& A 4] (Fredholm integral equation of the
second kind) &2 JFEF} EE FHM I AlS(stress intensity factor)2} o 14A] ) S-(energy release rate)ol] g F3)
ADE AAAD.

1. A & Dcrack tip)oll A -§- B (stress)T A 7] W8 H(electric displace-
ment) 59 28 (closed form)S B4 W4 H(Complex
1880l Curie A7} 71A1H §%5S wow™ sl variable approach)E ©]&3l9 F3}31t}h. ShindoF[3,4]1S A
(charge)® LA 71 A7|F SFENME S (stress) >+ HZY(integral transform method)S ©]§3to] 71413 A
TANZIE d A4S dAsm, A Aol ¥d @eET AVE HY sFE FAY v A Aty 7
" F olx &% 7(actuator), A (sensor) 59 t}¥e T IFAEF(piezoelectric ceramic infinite strip)o] FAIT T
EolellA g $&53 doh ANAH stFEd A7 83 & £AF FEo g AE AASIR2H, KwonT Lee[s]
o] FAld Hgdte A, FQ(crack)d 2 W AL 7t 7 v Al 2o g g AAFAC
4A ARE )23 AX 9 Qoo wAE GiFo] 3EE, I ojs} TE ¢A AEE EF FZ2(homogeneous)d}
olo} digt A7} I ¢ B3 APH1 Yt v, 7% ZAAl A A S(functionally graded piezoelectric
Deeg[1]2 F3HQHA A S (infinite piezoelectric body)S] Y  material)o] W3t )= AAIR 8}z Qo)
Bh(fracture mechanics)® FA|E o] 23 AHNA AL 47 E dFoAE A3 A o]E(theory of linear piezoelectri-
3t Pak[2]2 71413 ‘::Hfhr-'—} A718 #HdA sFL city)S o83l Z1AA AP 3% (out-of-plane mechanical
FAO B B33 379 AN EAstE 79 A load)d AV|A HW 8-F(in-plane electrical load)E F Al
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A (Griffith crack)ol ™3l Gao®} Fan[6]o] AAIZH A7
% &= ZZ(contineous crack boundary condition)S % &3t
259 g HAE HIHE ol&Id Tt FEol

W& (Fourier transform)2 ©]&3le] =g HE 194 2 (dual
integral equation)S TA13}9o 0, o]E Al 2% Fredholm 7
2 7 2| (Fredholm integral equation of the second kind).2.
2 439 g PR = AT A S (stress
intensity factor)9} o =] #%E(energy release rate)oll i3t
T2 AIAE A s

4 9 A9 A2 Dol 208 FAol o) o
A5 Fol HZIEM AAH Aw F9 A74 Bw
agol FAol Zgats Aol thal 2 st

AE BHAE g Zo] 7HA ot (Erdogan(7])
Cy = cye® )
dy = dy) e? 2
o5 = e e® ®)
ANA e BAAF(elastic stiffness), e FA AT

(piezoelectric constant), o, € % & (dielectric permittivity )
+ —4”}‘?}‘4 3 6‘24, d(l)la 8[1)5 = y=0 oﬂ}‘igl ZHE-

E4A olz B ( =0 )= ¥FA AE44(non-homogeneo-
us material constant)©] T},

To
© 6 0 6 6 6

Fig. 1 A functionally graded piezoelectric ceramic strip with an

eccentric crack : definition of geometry and loading.

Fig. 1o] Hole nie} Zro] #E-e 7H4te AggHE ua
xad gon (—g<x<q,y=0), 2% =
8 BAAZ 9t 2o 4w 44 Fe uIA

g B2 (<xscod Jho] PeAMT AEFAG
¢d AR ZAA EAE B Ag ¥©Y 54’3 il
7170l &44% W=z destdrt
uxxzuyi:() s u2i=wi(x: y) (4)
Em:Exi(x; y) s Eyleyi(xy y) s Eziz() (5)

AN uut En (k=xy,2) © 27+ 89 (displace-

ments)?} 7] Pelectric  fields) otk EF  FHA
{i=1,2) 299 AZ (y=0)# oladhZF (y<0) 49L&
A= iii=
o] ¢ FAMRAL g3 Ao}
04i(%,y) = cyw;jtesd,; (©)
Dj(x,y) = esw;;— dudi; Q)
AN 64, Dy (7=2xy), ¢ © T4 §Z(stress),
A7 ¥ Y (electric displacements), A $(electric potential)S 4}
EhdiTt.
A shEatoll Aol Aujrgale ohgs 2
ow d¢;
cuViwit eV 2o+ Bley— " 3y +615 % )— 0 ®
dw; 0;
eV 'w;—dy v i+ Bles— 3y gy, 3y )=0 ©

718 vie 23t aEea
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A 4F2H(Laplace operator)

0x,0) =0 (0=x<a) (10)
w; (x,0) = wy(x,0) (@a<x <o) (11
E (x,0) = Ep(x,0) (0<x<a) (12)
$1(x,0) = ¢,(x,0) (a<x <o) (13)
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0,:(%,0) = 0,,2(x,0) (a<x(o0) » (14
D, (x,0) = D 5(x,0) (a<x{ ) (15)
0%, ) = 0 ,5(x,— k) = 1 (16)
D y(x,h) = D p(x,— k) = D, amn

A7NM rpe #Y AY -3 Y(uniform shear stress), D,
= 7Y A7) A9 (uniform electric displacement)E 2] 7] &t
o}

3 ARWRYe ol gd a

AN @3 O Faol WEe HesHA thewn
e AE Qe

wi(x,y) = lfom{An(s)e”‘y

T

(18)
+Ayu(s)e” ™ Ycos(sx) ds+ age ™
2 « @y
pi(x,9) = = B(s)e
<)o 131 (19)
+By(s)e ™ }cos(sx)ds— bye ™ ”
1714
a=r-5, 4=r+4% 20)
y=\ s+ —Zﬁ @21

olml, Ai(9 e Bi(s) (j=1,2)% "IA T (unknown
function)ol ™, ay; % by A ZAS g Bl A4
3 3% 27(edge loading conditions) > ERE AR H =
“darolth

Y &% 23 4 163 (1N ol&sid BAY =R
B gy, b9 BANL v} o] 7 5 rk

_ _esDyt+din )

QoL = Aoz 2
Blchdh+ €ls)

0 0
cuDy— ety

by = by =
o e Blchdy + 2(1]52)

(23)

BAZ BRA 37 A, A F5E R 2ol
B ol dh

A 11(S)+A 21(5)—14 12(5) _Azz(s) = ZD(S) (24)

B () + By (s) = Bp(s) — Bypls) = 2E(s) 2%

A 24), 25% 29 8F =7 4 16 (17), #EA
A9 EF ZA =3 10)~13)E AHE3E oo
N} B3 HEHA 24 (dual integral equation)S T3

o}.
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o 0
f sF(s)[D(s) +£(1,5- E(s) |cos(sx)ds = ﬂ—%

0 Cy 2 ci

(0<x< @)

J;7D(9 cos(s)ds = 0 (a<x< o) 26)
fmsE(s) sin(sx)ds = 0 0<x<a)

0 @7
fo E(s) cos(sx)ds = 0 (a<x{0)
o714

_ G 2% 1—e ¥
&) = 5241 157 @8
_a
k= . (29)

2 263 279 e FF Dis)d E(s)E 95
2ol Zoste] FE = Utk

X9 = [0 (s0)de (30)

B(s) = [ €08 N(sE)ds @

AN Ji(s&)= BF AT Bessel F(zero- order
Bessel function of the first kind)o] T}

4 God Gne A eI @nd ddsd, ¢
D,(£) =0 °I7, 0,(&8)2 923 ZL A2F Fredholm
2294 2l (Fredholm integral equation of the second kind)<]
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¢1(E)+f K(E ”)Ql(”)dﬂ = —EL(? (32) KT: K111: TO\/EZW(I) s KS = "%)‘\/E ml)
2 Cu (40)
0—
o171 KP = %}:ro@w(l) , KE =0
K& ) = ﬂfowS{F(S)—l}fo(sﬂ)]o(sf)ds (33) a7l KTe 284748, K= WHisA7AS,
KP= ANRYAZIASE, KPe A7ZAAASE ons
1 ot = . c}.
21 (32 33 FAEs A1717) fEte] Aod We
A )9; o e UG AL AT BARATR Voo de s3e v 299 ouA A B
release rate)2 Y¥tsld J AE = Fdsots A7 2
S - r B FHPak2)E ol &3, TF H(crack tip)Ael J A&
ST 7Tl EmaE =g B ARae ouA AE GE AFle,
o(¢) = £ -2 (45
1 2, VE = K;KS = L 2y a1
= & Do U
o) = -4
A kel gholH, Z1A1H s59 AT

2 342 4 (329 Gl ddsd, FAPsE AE
Fredholm 2244l e 78 4= g} -

w(E)+ f L(E,H)WH)dH=VE 35)
o714
L& H) =VEH [ SURSIa—1)
° (36)
J(SH)(SEYIS
Q (1-¢7%)
_ Y 2K l—e ©
F(S/a) S K+1 —ark @GN
1+e
Q=>F—£ Q-r+8 k- (398)
1 2 2 P QZ
r= s%%z (39)
33 o SH(fracture mechanics)ol| A TIE) A= $H A7)

Al(stress intensity factor)?] 73S ThE WFEo] tisld
g3std HgsE, 74 HINAM M7 A(intensity
facto)E& THE T Zo] Hostn ARFT 4 Utk

457 A P w2

x ) A 2ee 2
F ol
A8 ABUE g TE ARG AU

7IAR stE# d7H sFe 4TS do}

B7] HEM 4 (353 36)% M2 3 HE(Gaussian
quadrature)E o] &3t F£AHoz A4kstPoh 3 A
< Hs AL y=0d49 &4A A8 BAHXE Table 1
ol et gleRAFH Zo] 4ty oz Zo] AlEE+= PZT-SH
Metelez 7k sgict

Table 1 Material properties of piezoelectric ceramic at y=0

Properties Symbol Unit
B34+ A x10" N/m* 23
A 2 el C/m? 17.0
A& i x107%° F/m 150.4
YA A HLE Ger N/m 50

o714 N(Newton)2 &, C(coulomb)

= ;ﬂo]—

3, m(meter)= Aol2 ©¥olr}

Ask,  V(volt)
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Fig. 3 Stress intensity factor K/r,V 7a versus B at a/Ii=0.1.
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Appendix A

AW FAAE B P4 PRAL e 2ok

;= Cuem—ew;Ey (Al
D;= eyeuyt+dpE, (A2)
o714

Ey=—¢, , (A3)
&y = %(u;_,— + u,~_,-) 5 (A4)

olH, ¢ < BAT A7 F(electric ﬁeld)°ﬂ’\1 449 a4
=)
O

[s]
Al g (elastic moduli), 4= ¥3 WHEAA D FHE&

(dielectric permittivity), e, 73 &3 (piezoelectric constant)
ojt}.

A8 degd diste Yoz JAsE YIS

Ciitl = Cjit = Cjip = Criij, €pj = €py, i = dj (AS5)

HBERE SR SgE
o JYZAEE Aal et w2 2 5 AT
547 Al (hexagonal crystal class)e] &3}9, x; Wog B
F(pole)Flol 1= 72 S (transversely isotropic) oA
Azl B3R tsel FARANL B2 gue 2
=t}
Oxx cn e c3 00 0 Ex
Ty Ci2 Cn Ci3 0 0 0 Eyy
Oz | — Ci3 Ci3 C1 0 0 0 €2
Ozy 0 0 0 cy O 0 262,,
O 0 0 0 0 cyu 0 264
Oy 0 0 0 0 0 (cn—cw/2f|2e,
0 0 €3
0 0 €31 E
10 Y oem\ig, (A6)
0 é5 0 E
€rs 0 0 z
0 0 0
Exe
D, 0 0 0 0 e50] >
Dyl= 0 0 0 es 0 0 2“;&
Dz e3 €3 €y 0 00 262
2&,y
dy 0 0 )£
+10 dy 0 {E, (A7)
0 0 d33 Ez




