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A Study on the Coating Cracking on a Substrate
in Bending I : Theory
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ABSTRACT

The coating cracking on a substrate system was analyzed using a fracture mechanics approach. Multiple
cracking in the bending configuration was analyzed using a variational mechanics approach to fracture
mechanics of coating/substrate system. The strain energy release rate on bending geometry developed
permits the prediction of crack growth in the coating layer on a substrate. Also, it can be used
appropriately to the characterization of multiple cracking of coating. The obtained critical strain energy
release rate (in-situ fracture toughness) will be a material property of coating and it will provide a better
insight into coating cracking.
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1. INTRODUCTION

Coatings are used in many applications such as
in protection, decoration or alternation of the
materials surfaces. In most cases the properties of
applied coating is much different from the sub-
strate or a free standing coating. Usually coatings
are more brittle than the substrate to which they
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are applied. The differences make the coating/sub-
strate system as an anisotropic and heterogeneous
system. When a coating/substrate system is
stressed, a crack will be formed in the coating lay-
er. The crack will typically initiate and rapidly
propagate through the entire thickness of the coat-
ing. When the crack reaches the coating/substrate
interface, it has several alternative failure modes
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[1,21, i.e. surface embrittlement, coating delami-
nation, and multiple cracking. The three failure
modes can be shown depending on the adhesion
between coatings and substrates, mechanical
properties of coating and substrate, residual ther-
mal stresses, or interdiffusion of polymer chain
into the substrate etc. For example an adhesion
between coating and substrate can affect the fail-
ure mode [3]. Poor adhesion at the coating to sub-
strate Interface shows coating delamination and
good adhesion shows multiple cracking or surface
embrittlement.

In this study the multiple cracking of coating in
a bending configuration was considered. The coat-
ing crack can become arrested at the interface
between coating and substrate. Further loading of
the sample will cause additional cracks in the
coating. If the coating cracks continue to be
arrested, the result will be multiple cracks in the
coating. Multiple cracking results in a delamina-
tion, degradation or surface embrittlement and is
closely related to the coating's durability.

So far most of the studies of coatings were done
on a free-film and not much studies were done on
in-situ coating which is coating applied onto the
substrate. The free-film test [4-6] do not accounts
for adhesion and residual stress and the data
obtained from a free-film test such as modulus
and maximum strength do not give coatings fun-
damental criteria in real situation. In order to
determine reliable coating properties for specific
coating/substrate system all the factors including
residual stresses should be included. Durelli and
others used brittle coatings to analyze stress distri-
bution in structures [7-10]. The phenomenon of
brittle failure in high impact polystyrene caused
by an application of a thin glassy polymer coating
was studied [11-14].

The multiple cracking was analyzed here using
a variational mechanics. An anisotropic property
of coating/substrate system make us adapt cross-
ply analysis in composite system. Previously we
first analyzed the multiple cracking of coating of

in-situ 3-layer coating/substrate system by adapt-
ing the composite microcracking on a tension
geometry [1,2]. This paper is an extension of the
previous analysis by considering bending geomety
and multilayer system having n layers.

In this paper we have developed complementary
energy of a multilayered sample upon bending
geometry. Experimental verification of this analy-
sis to fracture mechanics of in-situ multilayered
coating system are reported in a companion paper
[15].

2. FRACTURE MECHANICS ANALYSYS

Consider an undamaged multilayered sample
having n layers under an arbitrary initial stress
state in the x-z plane as illustrated in Fig. 1. The x
direction is parallel to the axial direction of the
layers and the z direction is transverse to the lay-
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Fig. 1. The coordinate system of a multilayered sample has N
layers. The axial direction is the x-axis and the thickness
direction is the z-axis. The £ and { directions are dimen-
sionless directions located along the x- and z- axes,
respectively
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ers. The initial stress state (@) is defined using an
initial stress function (¢) in dimensionless units &
and {:
(& O =119"E, O ¢

where t; is the thickness of layer i, the dimen-
sionless x direction coordinate is & = x/t where t
is any conveniently chosen normalized length, and
the dimensionless z direction coordinate is { =
(z—Z5)/t;, and where 7% is the z coordinate at the
start of layer i.

From the initial stress function, we derive the
initial stress state as:

16 = az(bo(i) — i aZ(I)O(i) = 32%(") - ¢C§(i) (2)
XX azz tiz a (:2 a Z;Z
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where A; = t/t- and the subscripts on ¢ indicate
partial differentiation with respect to the dimen-
sionless variables.

When damage is introduced, the initial stress
state will change. One and only one assumption is
made: the change in the x-axis tensile stress in
each layer is proportional to the initial x-axis ten-
sile stress. The proportionality constant is a layer-
dependent scaling function, W;(E), that depends
only on £ and is independent of {. After damage
the stresses become:

o5 = 9L [1-T(H)] ®)

A stress function that defines all possible stress
states that satisfy this one assumption is

V&, O =#¢"(E DU~ W(E)}
+ V(O T+ V(D) ©®)
where ¥, and ¥, are two arbitrary functions of

& only. The shear stress and z-axis tensile stress in
the presence of damage becomes:
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Using boundary conditions and stress continuity
conditions between layers and after defining func-

tions wi(E, &) and Wy(E) as :
¢ d e d 14 (D)
co.-(E, 0)= fO €<‘£°“)>C¢C§ )
144
wE =, (o) (10)

The new stress function in terms of these func-
tions can be written as:

¥ = tf[¢“')_ tp,.w,._.-;?— ]E;): A
(A2 () (an

The general stress state is then

On = Ono— Wiy (12)

o0 = o‘g,o-x,-w'@j,ﬁ,u\my,ﬁg,1,-11!',- (13)

0 = 0% 0= 27" - 25w~ A W'
—z(x W (A At A w32))
+2xzjw'j<m',;g>+,12j1¥j(w"j,g)) (14)

where
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and superscripts ' and " represent partial differ-
entiation with respect to E,

Using the subscript p to denote perturbation
stresses, the stresses can be written

oy = 0o+ 0, (16)

There are some constraints on the above stress
state and therefore on the ¥; functions. For asym-
metric problems there are x- and z- axes force bal-
ances, x- and z- axes moment balances, right edge
shear stress boundary equation, and right edge
transverse stress boundary condition.

If we consider multilayered samples loaded
entirely by tractions (i.e. no displacement bound-
ary conditions), the total complementary energy
per unit depth is

I LA ()
F=iz-:lij:’;dxflfodzo..Kﬂo

& A,,‘t*z [N, NG
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where x;, X, &, and & are the initial and final
dimensioned and dimensionless coordinates of the
area being considered and K is the compliance
tensor of the material in layer i. In the presence of
damage, 6" is a sum of the initial stresses and the
perturbation stresses. Hashin [16,17] showed that
the complementary energy of any such cracked
body can be written as

Iy P S R e
= r0+27f§d§fodé’ 0(-’)) . K(O 6_; (18)
i}

where I'y is the complementary energy of the
undamaged sample. This general result simplifies
the analysis. To minimize the complementary
energy of the damaged sample we can ignore the
initial stress state which only contributes to the
constant term I'c. We only need to minimize the
stress energy calculated from the perturbation
stresses.

2.1 Complementary Energy in an n=3,
Asymmetric Problem with Initial
Stresses Independent of x

The system used in this study was an asymmet-

ric system of two layers, a thin coating on a thick
substrate. The substrate was split into two layers
to satisfy the boundary conditions, and discus-
sions of this split (i.e. how to pick t; and t;) can be
found in ref. [1]. An x-z section of an asymmetric
coated substrate with n = 3 is shown in Fig. 2.
Layer 1 is the coating and it has modulus E. and
thickness t;; layers 2 and 3 are in the substrate and
they each have a modulus E; and their thicknesses
are t, and ts.
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Fig. 2. The coordinate system between two cracks located at
x==a in the coating (layer 1). The substrate is divided
into two layers - layers 2 and 3. The axial direction is the
x-axis and the thickness direction is the z-axis. The g
and { directions are dimensionless directions located
along the x- and z- axes, respectively
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For asymmetric systems, the final complemen-
tary energy is thus

=1 f é’dg(c', YR CL W W L
+CW O W+ C )y (19)

where
Al
Ci=0LCn+Cizn—= Q Cisn
Az
AQ MO
Cis o 20
T 321 P 322 (20)
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,12(&)2,94«,13(1—(0)34))
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When the initial stresses are independent of x
and therefore independent of &, all & derivatives of
the o; functions will be zero. For this situation, eq.
(19) becomes

£
Ip=t'f ;a'g(C’, VLW OO (22)
Each constant is evaluated. On normalization to

layer 1, A, = 1 is obtained. The constants C'; to C'4
are as follows:
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1
C'4 = ’i‘ [ 5v<a)l §>+12K( ((1 (ong) )
2K (1 -Q) (1 - xY)] (26)

2.2 Initial Stresses Linear in z (Bending
Loading Case)
In bending tests in which initial stresses are lin-
ear in z, the normal stresses (Ox o) are given by

Mz
1

Cuvp = (27)

where M : bending moment of the beam
z . distance from the neutral surface
I : moment of inertia of the cross-section
about the neutral axis.
Thus, as we can see from eq. (27), the initial
normal stresses are linear in z and the following
simplifications can be made :

#2 = K¢~ (28)

where K is a layer dependent constant based
on the maximum normal stress, and C¥ is a layer
dependent constant normalized by the thickness of
the ith layer.

From the definition of wi(£, ), the following
equations can be obtained

_éj_mz
3C€

O =500 29
where C™s are constants defined as follows for
n=3
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where h; is the distance from the neutral axis to
the outer surface.

By substituting the above values into the equa-
tions (23)-(26), we can evaluate constants C'; to
Clx;.

2.3 Variational Solution for ¥

For thermoelastic analyses, a variational solu-
tion based on the principle of minimum comple-
mentary energy is found by minimizing the func-
tional G given by:

F=%fa- Kodv+[ o afdv+ [ o-adS (33)
v v S

where o is the stress tensor, K is the compliance
tensor, ¢ is the thermal expansion coefficient ten-
sor, T is T To (where T, is the test temperature
and To is the stress-free temperature), V is the vol-
ume of the sample, and S, is that part of the sam-
ple subjected to a fixed displacement of @1 [18]. In
this problem S; is null. I'; from eq. (33) modifies
to

Ty =’ [dEC P+CP W+ 0"
+CWHC W +Cs W) (34)

where

U=y, C=C',C=C,C=C,Ci=C4, and
Co=—(0.—)T = -AaT (35)

and Cs is not needed because, from the bound-

ary condition of zero shear stresses on the crack
surfaces,

"y (36)
L

The result in eq. (34) is identical to the compos-
ite result in ref. [19] except that the constants C,
through C; are different. The solution to the calcu-
lus of variation problem that yields ¥ can there-
fore be quoted directly from ref. [19]. The func-
tion ¥ that minimizes the complementary energy
is

w= (o)

_.~CL 37
2C, ¢ S

2C,

where ¢ is a function that depends on the sign of
4q/p’~1 where p = (C;—C4)/Cs and q = C/Cs.
When 4q/p’ is greater than 1:

_(Bsinh ap+cos fp+a cosh apsin ﬂpg
B Bsinh ap-+a sin2 fp

¢ osh o cos BE

2(B cosh ap sin fo-+a sinh ap cos fp ., ‘
Bsinh2 ap+ o sin2 fp sinh o sin fE (38)

where

1 1
a=—J2la-p == 2/q+p  (39)

When 4q/p’ is less than 1 (and p<0 and g>0):

B Beosha&
0= sinhap (Beothap— acothfp)
h
F— acoshfe (40)
sinhBp (acothPBp—Peothap)
where

RN S
a-\/ 2+ 4q,ﬁ \/ ) 77 (41)
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One feature of the coatings analysis that differs
from the composite analysis in ref. [19] is that we
must choose where to divide the substrate layer
into two separate layers. The minimum comple-
mentary energy is produced when the zone of
stress disturbance is about the same size as the
crack [1] or when the thickness of layer 2 is equal
to the thickness of the coating. Under this condi-
tion

7»1=Az=1,/13=landR=

+4 “42)

and the expressions for C, through C4 in egs.
(23) - (26) can be simplified.

2.4 Energy Release Rate for a Crack in
the Coating

Before starting on the muitiple cracking fracture
analysis, we give three useful results from ref.
[19]. Consider the sample A in Fig. 3 with N
crack intervals characterized by crack spacings pi,
P2, P3,-++, Pn. The sample compliance is
- N

.2175(9")

im

E’ 2CL
C=Co+ EE  BW N
’ zp

(43)

where B = t;-+t,-+1; is the total thickness, W is
the sample width, L is the sample length and Co=
L/(BE;W) is the compliance of the uncracked
sample. The new function y(p) depends on the
sign of 4g/p’—1. When 4q/p’ is greater than 1:

cosh2ap—cos2Bp

2P = 2aﬁ(a2+ﬁz)ﬁcosh2ap+asin?,ﬁp “4)
when 4q/p’ is less than 1:
tanhfip—tanh
1) = G —cly P BIND_

” Btanh2ap—otanhap

The total strain energy (U) in the N crack inter-

A N N+1

kel | |

2 W 2
v V¥ 1[]
l<—B—>

NS
|
_

"Fig. 3. Sample A has N cracks with crack spacings p1, pz,* ,pn.

{b) Sample B has a new crack located in the kth crack
interval of sample A. Sample length (L), thickness (B),
and width (W) are shown on sample A

vals is
2 2
o  4HGCs )
=—+ BWL+(C—C,
(2150 4C\B HE=Co)
Ey BW Ef Cs
T Groen 46

Finally, the longitudinal thermal expansion
coefficient (a) of the cracked sample is

C-C  Aa

0

= 47
A=0 T T ICE. S

where @’ is the thermal expansion coefficient
of the uncracked sample.

By the energy approach to multiple cracking in
coatings, we assume that the next coating crack
will form when the energy released on forming
that crack reaches the fracture toughness of the
coating. Consider the formation of a crack in the
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kth interval as shown in Sample B Fig. 3. The
energy release rate on forming this crack can be
found by differentiating eq. (46) with respect to
total crack area, A, at constant displacement [19]:

dU
G = =74 leonsa
E/ BW E _ Cs, dC
= : 48
2 ‘B M) WY

In deriving eq. (48) we need to evaluate
doy/dAlons. o Using the relation for sample com-
pliance (C) times load (P):

CP = u(P)~u(0) = u(P)—a LT (49)

where u(P) is the sample displacement under a
load P, and differentiating results in

doy
dA

constu

—— (50)

<00lEo
dA

AaT)dC
C E. 2CC

Evaluating dC/dA by differentiating eq. (43)
results in the final energy release rate expression:

o

G = (2o CstiY(D) (1)

In bending, the average normal stress in the first
layer (coating layer) of a multilayer system is giv-
en by

< x{\*),0> = 251 E(? Emax (52)

and 7; is average distance from neutral axis of
MB

2B
M is the bending moment applied to the beam, B
is the thickness of the sample and I is the moment
of inertia of the entire sample.

Y(D) in eq. (51) is a calibration function that
depends on the crack density, D = N/L, or more

sample to the first layer and Enx = where

formally on the complete distribution of crack
spacings:

d ;1?((0:’)
Y(D)= LWTdA_ T (53)
24 i

d
=2 O

where (x(p)> is the average value of y(p) over
the N crack spacings.

In order to use eq. (51), we must evaluate Y(D).
For the fracture process illustrated in Fig. 3 where
a new crack forms in the center of the kth interval,
we can evaluate Y(D) using discrete differentia

1 N
tion. Before the crack forms (x(p)> "N ;l x(pi)

1
and D =N/L. After the crack forms (x(p)) =(_N_+_1)

gMMﬂmHummMMquwLme

calibration function is then:

ADx(P)) O
Y0) - 2= 20y S -to0) (54

During a typical experiment we will not know
the location of the next crack. Because during
multiple cracking cracks tend to form regular
arrays, we assume that the next crack will form in
a crack interval whose spacing is close to the
average spacing. In other words when the crack
density is D, the next crack will form in a crack
interval whose spacing is p = 1/(2t;D) and the cal-
ibration function is given by

YO) - 2 (5-)-x0)

=zx(4io>—x(2jn) (53)

Finally, we consider the formation of the first
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crack. The energy release rate for the first crack is
n \? :
G =(0' ) Cat lim¥(D) (56)
D0

For the two solutions described above, when
4q/p’ is greater than 1:

lim¥(D) = 24, /—% (57)

and when 4q/p’ is less than 1:

lc
limY(D) = (a-+f) —C—i~ (58)

The strain energy release rate on bending geom-
etry developed permits the prediction of crack
growth in the coating layer on a substrate. Figure
4 is a schematic prediction of crack density vs.
applied strain for thinner and thicker coating on a
metallic substrate using eg. (56). It gives a key
feature of experimental results. The thicker coat-
ing starts to crack first than thinner coating but the
number of coatings will saturate at lower strain
value. On the other hands, the thinner coating
shows the first crack at a higher strain value and it
reaches a higher crack density. The cracks formed
sooner in thicker coatings because each crack
released more energy than the crack in a thinner
coating. It is well known in the coating industry
that the thicker coating shows a crack sooner [7].
The developed fracture mechanics theory was
agreed qualitatively with the experimental works
[7,15].

3. CONCLUSIONS

We have derived an energy release rate for mul-
tiple cracking in a coating layer on a multilayered
system using a variational mechanics. A crack
density information as a function of strain could
be used to get the in-situ fracture toughness of

Tinner Coating

“Thicker Coating

Crack Density (mm™)

Applied Strain (%)

Fig. 4. Schematic theoretical predictions of crack density vs.
applied strain for thin and thick coating

coatings. If coating shows multiple cracking then
we might expect the failure to occur at a critical
value of the critical multiple cracking strain ener-
gy release rate. In other words, when the stress

reaches increases to a level such that G = Gg,

coating multiple cracking would occur. The mea-
sured critical strain energy release rate (G¢) would
be a fracture toughness of that coating and it is a
physically meaningful material property.
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