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Buckling Behavior of Elastically Restrained Orthotropic Plates
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ABSTRACT

In this paper, we present the analytical study results of buckling behavior of elastically restrained
orthotropic plates. In the study the boundary conditions of the plate are simply supported at all four edges
and elastically restrained by the elastic medium at opposite two longitudinal edges. The energy method is
employed in the solution of the problems in which method the buckling coefficient is calculated from the
condition that the work-done by the external forces during buckling is equal to the stored elastic strain
energy. The results are presented in the graphical form. The equations derived for the orthotropic plate in

this study are compared with existing isotropic ones and identical results were observed.

INTRODUCTION

Due to the rapid developments and advances in
the field of manufacturing composites, fiber rein-
forced polymeric plastic composite structural
shapes are produced using the pulirusion process
which is known to be one of the most cost effec-
tive manufacturing techniques. Considering the
manufacturing process of the pultruded materials,

this material is frequently assumed to be orthotrop-
ic or more specifically transversely isotropic.

The fiber reinforced plastic composite structural
shapes are readily available in the field of civil
engineering. These composite structural shapes
are used in the construction of new structures, and
rehabilitation and strengthening of deteriorated
existing structures under service. Such a trend is
expected to continue because the material is rec-
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ognized as alternatives to overcome the deficiency
arising in the use of the conventional construction
materials such as steel and/or concrete. The fiber
reinforced polymeric composite material has an
attractive mechanical and physical properties such
as light weight, high strength to weight ratio, non-
conductivity, nonmagnetic properties, high corro-
sion resistance, and so on. In spite of the superior
mechanical and physical properties, many engi-
neers are reluctant to design with fiber reinforced
plastic structural members because of the lack of
reliable design criteria.

In general, the structural shapes such as I-,
channel, and box sections are composed of flat
plate elements. When such a member is used as a
column or a beam, the member must be strong to
resist external loads such as compression, bend-
ing, and shear.

One of the most important failure modes of the
structural member is the local buckling. In the
local buckling modes, plate components buckle
before the global (or Euler) buckling or material
yielding take place. Therefore, in order to estab-
lish the design criteria, thorough research on the
buckling behavior of plate under various loading
and boundary conditions must be conducted.

In this paper we present the analytical results of
an elastic buckling behavior of orthotropic plate
under uniform compression and in-plane shear,
respectively. In the analysis, opposite two edges
are assumed to be equally elastically restrained
while other two opposite edges are simply sup-
ported. In addition, this study is limited to the
elastic buckling behavior, because most of the
plastic structural shapes used in the civil engineer-
ing construction are composed of brittle materials
and the post-buckling strength is relatively small
compared with elastic buckling strength.

The study of elastically restrained isotropic
plates have been made by many researchers such
as Timoshenko[1], Né6lke[2], Schuette, and
McCulloch{3]. But the study on the buckling of an
orthotropic plate having elastically restrained

edges is not available.

The objective of this research is to derive an
analytical equations for finding the buckling
strength of simply supported orthotropic plate
whose two opposite boundaries are additionally
elastically restrained, and it is subjected to uni-
form axial compression and in-plane shear force,
respectively.

BASIC EQUATIONS FOR THE
ORTHOTROPIC PLATE BUCKLING

Due to the complexity of the problem, we adopt
the energy method suggested by Timoshenko. The
plate was considered to be simply supported along
the two opposite short (loaded) edges and elasti-
cally restrained by a restraining medium along the
two opposite long (unloaded) edges. It was
assumed that the restraining medium was such
that a sinusoidally applied moment causes a sinu-
soidal rotation at unloaded edges in the plate. This
condition is satisfied by a rigid joint between two
or more flat plates that buckle into the same wave
length (Johnson and Noel, 1953)[4]. Material
property directions, coordinate systems, and the
external loads subjecting to the plates are shown
in Fig. 1 and Fig. 2.

In accordance with the classical theory of
orthotropic plates (Lekhnitskii, 1984)[5], the
strain energy of orthotropic rectangular thin plates
is given by:

u—1! (Pl 5 o5 -5

+D22@;’) +4D()6(a 5 )}dxdy )

- The work done by the uniform compression
(Vo) and in-plane shear (V,) forces is expressed
by, respectively:
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Fig. 1. Orthotropic plate under uniform compression
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Fig. 2. Orthotropic plate under in-plane shear
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In Eqgs. (2) and (3), Tot and oot are in-plane
shear and uniform compression forces, respective-
ly. Plate length and width are a and b, and plate
thickness t is assumed to be uniform throughout
the plate. In Egs. (1) to (3) w is the out of plane
deflection due to in-plane shear or uniform com-
pression forces. In Eq. (1) Dy, and Dy, are the
flexural rigidities of the plate with respect to the
material property directions 1 and 2, D¢ is the
twisting rigidity of the plate, and v;; and v,, are the
major and minor Poisson’s ratios.

These are defined as follows:

E”t3 Ezzt3
DI]:'————_—_, Dzzz———_———_—"—-
12(1 ““"V]2V2]) 12(1 ""Vlz'Vz])
G1213 En
Des= , Vio=Vo—— 4a,b,c,d
66 12 12=Vay En (4a )

The expression for strain energy in the two
equal elastic restraining mediums, U,, is (Bulson,
1969)[6]:

* _ {(%Vyl)y=+.b. }zdx] ®)

In Eq. (5) M, is the moment per unit length
applied by the restraining medium per unit rota-
tion. If the torsional rigidity of restraining plate is
C., the moment M, can be expressed in terms of
C. as follows (Bulson, 1969)[6]:

’C
M=t ©
a

Using the coordinate system shown in Fig. 1
and Fig. 2, the assumed deflection surface can be
taken following Lundquist and Stowell(1942)[7]:

b
w=B{ i (yz——42)+(1 +§~) . cosl;—)z]cos ki

2 2 M

a

where B is an arbitrary deflection amplitude and
m is the number of half sine waves.

In Eq. (7) the symbol g is a coefficient of
restraint or coefficient of fixity which is a dimen-
sionless parameter given by the equation:

g=—— (8)
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The restraining coefficient € depends upon the 7 ‘/ By
relative stiffness of the plate and the restraining Oo=ke ; (11

element along the side edge of the plate
(Lundquist and Stowell, 1942)[7].

When £=0 the edge is hinged, when €= it is
built-in. As noticed, the coefficient of fixity € is
the ratio of edge moment to edge slope.

So far, we discussed the basic equations for the
elastic buckling of rectangular orthotropic plates
under uniform compression and in-plane shear,
respectively. Using the equations discussed we
solve the two different orthotropic plate buckling
problems, both equally restrained at the two oppo-
site long edges.

BUCKLING ANALYSIS OF PLATE
UNDER UNIFORM COMPRESSION

Substituting Eq. (7) into Egs. (1) and (3), we
can obtain following form of stain energy and
work-done by uniform compression for orthotrop-
ic plate, respectively:

+{ 55 e | -y ©)

2 pl
m'7’bh T 2 1y ,
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In Eq. (10) oy is expressed by using Timo-
shenko's expression as follows:

12(1 —V;z'VZI)(‘—t')’

where k. is the buckling coefficient of plate.
In addition, the strain energy in two equal elas-
tic medium can be taken in the form:

B

U= -

‘M, -

a
5 (12)

Therefore the buckling coefficient of othotropic

plate under uniform compression, by using the
relation V = U+U,, can be obtained as:

k=10 /E” ,—-/
¢~ En
(vz, | Eu,y 2Ge(—va - "2))} (13)
Ezz \/EH E22

where ¢ is the plate aspect ratio (a/b), C; and C;
are defined, respectively:

Orthotropic Material(Polyester/Glassfiber)
E,,=2,500 ks, E,;=1,000 ksl, G,,=425 ksi, v,,=0.33

7
v /4

c

-~
= _
@
‘.‘?(:'2 EF30
8 s
O s NN
2 \\\ — =0 | ]
2
;:; 4.8 — e
40 P =
=55 |
32 I
0.4 0.6 08 1.0 1.2 14

Piate Aspect Ratio, a/b

Fig. 3. Buckling coefficient of orthotropic plate under uniform
compression
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Fig. 4. Buckling coefficient of isotropic plate under uniform com-
pression
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Thus we can find the buckling coefficient for
elastically restrained orthotropic plate subjected to
uniform compression force by calculating Eq. (13)
numerically with respect to various coefficients of
fixity from O to o. The buckling coefficient
curves for orthotropic and isotropic plates with
various £ are drawn in Fig. 3 and Fig. 4, respec-
tively. The orthotropic material properties used to
draw Fig. 3 are taken for the structural members
in MMFG (1989)[8] which is widely used in
many countries. The buckling coefficient with
respect to the various values of coefficient of fixi-
ty is also drawn and shown in Fig. 5.

Fig. 6. Minimum buckling coefficient for various coefficients of
fixity (uniform compression force)

BUCKLING ANALYSIS OF PLATE
UNDER IN-PLANE SHEAR

When buckling occurs in a plate under in-plane
shear force, nodal line is not parallel with the axis
direction of members. Therefore in energy solu-
tion, oblique coordinate system has to be used
because under shear buckling conditions the nodal
lines are inclined at an angle to the side of the
plate(Bulson, 1969)[6].

As shown in Fig. 6, the oblique coordinates (x,
y) are related to the cartesian coordinates (x', y")
through the equations as follows:

y
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Fig. 6. Oblique coordinate system
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x'=x—ysinf

y'=ycosf (16a,b)

where 6 is the angle of inclination of the nodal
lines. Substituting Eq. (16a,b) into Eq. (1), and
using the chain rule, the strain energy can be
expressed in the form:

—J:‘ J. {( ) D|;+2D”Vn[aﬂ 9+D77Iaﬂ 0+4D66tan 6)

T A
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The work done by the in-plane shear force is
4 b
33 [ owy ow) [ owy
s L
'lb_[%.[% ax By)+ x sinfidxdy  (18)

The equation for the strain energy in the two
elastic restraining mediums becomes as follows:

M Ui Iaw ow y 0}’ dx

2058 sy ox o b3
+ fi {»%3;-+g—: sinG}i:+£dx] (19)

The equation representing the deflection surface
can also be transformed using oblique coordi-
nates:

w=3{% (yz——zi—z)wt(l +§) : cosbﬂ]]coslzx— (20)

where b, =b/cosé.

When using the same relation with preceeding
paragraph V=U+U,, we can calculate the buck-
ling coefficient of orthotropic plate subjected to
in-plane shear force by substituting Eq. (20) into
Egs. (17), (18), and (19) as follows:

1 [1 Ey E ZG 1= -
k):— -H—t{\/ 089 Z(Vz; ! |2( M VZ])
sin2 ¢ Ex /’E— Eaz
B .. . ¢ \[E )
L ~9) Ot =2 cos'f
\/E“ an feos 6]+ lm‘ B, cos
Elit <2 2
+2C43 —E——sm 8+Qcos 9) 2n
22

where C, and C, are same with Eq. (13) and
(14), respectively. The angle of inclination 6 will
adjust itself for given values of ¢ and £ to make
the buckling coefficient a minimum. This can be
achieved by extremization of k, with respect to 0
and by equating the ensuing equation to zero.

dk, 2cos@ 1 [mz [ / Ei
~———:—‘7 - 2 &: 6
90 (sinf)  sin20 ¢’ En - sinfios

+4Q - sm90039+2/ tan’6 - (tan0+sm9c039)]
H

' By
-2C rﬁ‘f - [—cosbsinf
m E;
E22 N .
O[3, |2 -sinboosg—Q - smecoseﬂ=o @)
11

In the above equation, we can find 6 which
makes k, a minimum. Then substituting 6 into Eq.
(21) we may calculate numerically the buckling
coefficient of orthotropic plate subjected to in-
plane shear force for the plate aspect ratio and
various values of coefficient of fixity & The
graphical form of results is shown in Fig. 6 for
orthotropic plates. The graph has been drawn
using the same material properties mentioned ear-
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Fig. 7. Buckling coefficient of orthotropic plate subjected to in-
plane shear force

lier. To verify the accuracy of result orthotropic
material properties are substituted with isotropic
ones, and the result is shown in Fig. 7. Identical
results given in Bleich(1952)[9], Timoshenko
(1961)[11, Bulson(1969)[6], etc. are obtained. The
graph for the minimum plate buckling coefficient
k. at various coefficients of fixity € is also drawn
and presented in Fig. 8 so that the minimum buck-
ling coefficient by in-plane shear force for the var-
ious values of coefficient of fixity € can be
obtained directly in the figure.

DISCUSSION OF RESULTS AND CON-
CLUSION

In this analytical study, the elastic buckling
behavior of orthotropic plates subjected to uni-
form compression and in-plane shear were inves-
tigated, respectively. The boundary condition of
two longitudinal edges was assumed to be equally
elastically restrained by the elastic medium. The
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Fig. 8. Buckling coefficient of isotropic plate subjected to in-
plane shear force
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Fig. 9. In-plane shear buckling coefficient for various coefficient
of fixty

energy method is employed in the solution of the
problems. In order to prove the correctness of
derived equations, orthotropic material properties
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are substituted with isotropic ones. Then the equa-
tions were compared with existing equations giv-
en in the literature cited earlier. The identical
results were obtained. From both cases of buck-
ling analysis(under uniaxial compression and
shear force) when e=0, we can obtain the identi-
cal result with that of simply supported plate and
when e=co, the result of fixed plate is obtained.
Also we can find the buckling coefficient of web
plate at various values of e, coefficient of fixity,
which is determined according to the dimensions
of flange.

Using derived equations, the graphical form of
results was suggested so that the elastic buckling
strength of elastically restrained orthotropic plates
under in-plane shear and uniform compression
forces could be calculated easily.

In order to derive complete set of design criteria
relating to the local buckling behavior of structur-
al shapes composed of flat plate elements, other
loading conditions must also be investigated
including linearly varying edge loading. In addi-
tion, the investigation is limited to analytic, the
experimental investigation must also be conducted
to clarify the assumptions lying behind the theory
applied.
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UNIT CONVERSION

lksi=1kip/in’=70.31kg/cm’
1kip=10001b=453.6kg,
lin=2.54cm.



