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Visco-Elastic Approach for Prediction of the Process Induced
Internal Stresses in Polymeric Composites

Won J. Yu*

ABSTRACT

Dimensional instability during the manufacture of polymer composites is due to the property
mismatch of constituent materials, as well as processing factors. Behind this are the internal
stresses, built up by generation and relaxation process in which the intrinsic viscoelastic
characteristics of the polymer material plays an important role. This paper describes a linear
viscoelastic approach taking account of the fundamental mechanisms to predict the internal
stress development. Material behaviour during the manufacture of polymer composites are
reviewed to investigate the applicability of a linear viscoelastic approach. An efficient finite
element algorithm is proposed based on three recurrence formulae to account for the material
viscoelasticity. It is shown that further efficiency can be achieved using a scheme dividing the
cooling phase into three separate regimes by examining the reduced times at each time step.
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cure W3}l 2jgt UL Ao 5, A AA
22 kA7) AeiAe geE B A7t o
Hazg 7o #alo),

e, YA R dAe] B g 2}
AT 23S B9 oY Be Y 5 9l
o}, B o folA]t=, crystallinity =& crosslink-
ing 5 As] =lAlzz W3t} o] @& re-
laxation function ©| #3li= B A4y 34
% 2o defdris Hof FEslqch. o
Py 7 A A Bel A9 erystal 332 forming 3
A %2 cooling A9 &7]dl], & &= 7] A
32| Tg B} Ab338] -2, wpela] Aqsotgde] 4
qH oz Yon gHojgtadge] AuAl 433}
oA ArIERE, o] Ao ¥ YRS 1
©]F-2] cooling A HA o)A A7 AALH H
3 w4 2 Ao® FAY 4 glch. 4S8
212} Ao x 4], cure ¥ crosslinking o] %13}
Hi 4geAEs A8t Aol € U2d Aol
o w3k 32319 S ol Ade] Al 7
olm g, o] Aol A A, FAlEE Y X =
2l ha & 4 ol whepa] o] Ao i 2l
A3 Ao lelA ZAH S AHEEiHElR

T g2 AA M ALE S FAL



1048 H3GE 19979 AR B¢l 494 wAss

549 e A% Aey =y 37

COOLING
— stage | stage II
Oaoob | | |
s | A 1B 1-c '
5
kS B
b hxte=ToL \ r
% hite=1-TOL /a
S
= demoulding

25 F
Time(sec)

Fig. 2. Division of the cooling stage into 4 dif-
ferent regimes, i. e. stage |, stage I-A, II-
B, and II-C. When the cooling history is het-
erogeneous, B and E represent the mo-
ments when the function h across the lam-
inate becomes smaller than TOL., and when
the function h across the laminate becomes
bigger than 1-TOL., respectively.

g F F83E 2 AR Bl o] #Ae|
4], %41 first order approximation & ghcbd
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FA3hE dummy §l%o] e} X & A 2] 244k
£ el parameter® 5ol uje} depd 4
At F A7t 71218 9ol crystallinity &,
d73A 71x]9] 73-$-o) = degree of cureE 1}e}
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At 5ol Fo57 2l 2% strain ¥
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C; & d32x] T=T oA Aojd AHE 2o
Z¥ek3l & 4 9)ck. & 7]A] reduced time, (3=,

............................................ 3
A(T(S)) @

&)= j
Al ()4 A(T(s)) & shift function o]t} 7%
2} ol Hs)A] shift function 2.8 WLF 8}2]o]
F2 A==, olo] 3} shift function &
L2 7ke] vl ok BggA) el dAuad A5
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- o] wpgkol] FAglo] XEake] F]l Ao s
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oA SA R A A= ol sicH12]L
7128wl ZzAe] WMkl & ¢ reduced
time o] &=ake] gl o 1A, A1) #
srAAlS, &% T, ojA], reduced time & A&
sled ofA] 221,

' ogelf
()}Z'(‘.)Cij(TO’X’ ORI G) aj ar,
i,j=1,2,.6

o714, ¢ = 1o it reduced time o}z, A
(3) 2258 AE77HE t oAl 2 A FeEH
7% 3l

3. %] E4a](Numerical Modelling
Procedure)

ARZAEETAY AR A
relaxation function & #<}s}
Wil &2 g J_vx}(polymer)
2§ A5 Xéﬁwﬂifﬁl
A= ol o8] 7|HE &, Prony series, &

2 78] Maxwell 298 H33A Z2¢A7 e
< T4 Maxwell 249 N5 AT 2H A
BEAS] gk ndge] AULE fol3lA 24
T 5 glckes AHollA 43S 23 gl o] uby e
= g & 7ge, ddsd] 283 &4 al-
gorithm o] o]¢} gt=]o] Taylor 5[13] o 2}3
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function & T3 slH, &2 T, oA,

= A E2 relaxed modulus, & &
A Ao \fé £, Cjy= unrelaxed modulus &
&7 BAE, Ajow A4 A AR
£ 483} relaxation time 2 1}
ANze] v Ase] Zdel AN
d A4 8o sfgolnt. 4] By 227t T, A 73
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real time, t ¢} FUS 2B (F t B G o=
siet.

s rdee] S o2 variation ¥
s}o] Hwang [12] o ojs) =% f3ted Fnt
A A5 o]-4-alalch. Fig. 3ollA B uhe} zlo], ¢
ol o] A WahE Zha 9le FH8a(@2-D fin-
ite element)el] T8 o] & c}A] 22w, A7}t o)A]

aun

H B, Gy (To X, (=) B,, <T> drdy =

Reisen(t) + Rer'(¢)

<, (@)
(@)
coo oo ool e %)
cooocoo |2
coo oo

2-D plane element

Fig. 3. Two dimensional finite element for model-
ling of the cross section of uni-directional
layer.
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714 m, n & 249 AHES JehE |4
ola, vH u 77 849 F3s} Ao we
e, B &= 849 strain 7 AP 4 u 2t TA
4], e= Bu oA ¢] Wg oo}, Ry(1)= o) ¥-3}
T YA, RE()e A 8e Fo53reel, &
eigen strain o 2J3} d}Foln ohg3} Fro] Fof
At

; = A oegisen
REE(t) :_” B, Ciy (T, £~ C')*_]‘a“(;rldfdv
v =0

T

2o} 4] (7), (8)el|4] relaxation function Cy
2] bar & °]E¢°] xyz & 2FA A AR A
£ vebiie, ol WE P n S o4, g3 2
o] 72 % ek

W P o} A AT el dsie 3
TEH [12] & F2E 5 ok A (DY F3A
Alol] dlgk $=3] #]44 A2 98, time step ©]
gk &3 galeg AR hx, o]E ¢34
Z}z}e] time step Wl Hw g u & A¥AH o
2 Wdicla s,

Jun(t) o Dunlts)
ot JaN

%, 0:]71/(‘] un(ta) = un(ts) = un(tad); un(tﬂ) = 0 O]
3L, s ¥ time step & }elUlE index ofth. o] &
ol -4, %Al HeuiA Al (6)9] 335 -8 Aeshd,

6 6
LHS =33 Y [CuoBpna Ata(s)
s=1 k=1 [=1

- & -6
+ Y CuoBum €Xp (= 252) By oft)Aun (85)] -+ (10)
a=l ‘lid

w

LN

o714 A2-H geometry W] &< Buuw 2,
B, =J' TN S R —— (11)

E3tafe] W7 F dAshe warping 5 5%

e Axrt Ao o2 gl ¥ls) Bvlad
2o, & 7]8bekAl Al 3 (geometrical linear)e)
7t o] A=, Buw & # time step o) 23 A
A4} F wspA Wik 9, 2 time step A
9] g2l relaxation function -& FAI8H= Zhzb
2 A4 AE 249 ot ARE YehiE I
h g} o] At

hyo(ts)= Alt J'S exp (“—%;,——i)dr .............. a9
S f5e1 )

$19l 4] A0 (12) A, & = {ty), & = L), A
ty = t, - toy ©]Th. of 71 A, A=} pPEE A7} t, = =
A (present) A} 78 ©] 0] gic}.

3-1. =%} F2] (Recursive Formulae)

a7 AR 5L 7RI AL, stress
strain A A Q] 2 52| FA A 2]0] Al 7ke] g4
7t S 75 gt} o] A9, o] 3 Al ellA]
o] A g el AFel viR 2 Aol o] gatby Abg}
of vt AAHE Zlo] ohjel, 1 o] A
Eoll bl g<le] 7)o Al gk F 1 gl
th= Zlolth. olejdt AFe| 7)o Axfe] gk
e Fxlmdae] Aol 2o, A(6)3 4]
(10)ellA] o 5= gl5el, EA &t =t, oAl AA
WY wlty) 71 2 oA e} A= 2] time step o) 4]
ol AW ES BF dA= ke Aolch o)
5 AY EaA # A9, A4l 28 A E 27
=]+ computer memory = ™A £ time step 4
2] AFel vl stA =i el time step 47}
Gold g AAke] Rgdo] FxlA s AHAXA =
],

ol2{gt HutA FAE E8Ho R Fv) 9% al-
gorithm 7H#-& 98k ko] gle] sir}. Euler w}
# ol &]3F ukE-AlAHiterative) WhAjo] AbE T2
@l ABAQUSe] AR8{14] == &%, Mat-
sumoto ([15] & 2Holt FHE A time
step o] A Aibel] £3ehe Al 2] B
time step ollA{ "t 320 Y1 2 9] time step o)
A ol E FASHE AR WS AlA sk = 8}
et o]elgh ofe] Wy Z, Taylor % [13] o] 93
A kel 48 22 (recursive formula)g A8 uf
4|2 programming 2| $-¢]4 ¥ efficiency &
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A WESSH SRR

o4 Fal S4sh gEhd B TR o8
9, AHElR o0, £3 2A1E A3l 4] (10)
& oA Aelea, o1F HE WA @) e
W e 2 AR Al WAL FE

g % 9lch

id

oﬁ:"

6 6 N
2 Z[Cuo + 3 CutaBrmnia Paa ot ) Dbt () =
k=1 1= =
-1

6 6
R+ B - 3, 315 ot

k=1 I=1 s=1

N
Dun(ts) + D Zmrolts)]
=1

2~

of 7] 4 4822 (recursive formula), g4+

AN e

[

CuaBmnt Briow o) Dtn (1, 1))

8o (tp) =€Xp (- N8k ) +

(14)

AN, A G = G~ Gy ok

Aot 2L 71 A (D2 s Aol =
2, A-8sh,
. 6 6
Raeer (tP) = 2 chl()Bm)kl VAN Setgen(t ) +
s=1k=1 I=1
6 6 N
ZZmeuw(fp) ........................... (15)
k=1 I=1 w=1
o714 714 & geometry ¥4 B,
...................................... (16)

ijklzj B, M dv

718}8rA A3 (geometrical linear) ¢} 7} o] A
Y=, B, Bow & "HH7IA 2 A time step
o A3 AL 5 HepA et wd, o) A9
9] =3 T2 fwes

Foito 1) =exp (= ﬁf’ ) oo () +

Cuoltuin (t) Buju L5 €75(5) amn

He] wale 2, A AZE & time = t, o]
AR ult) =, 2 o)1A12] %4 time step ol 4]
o] AW EFS] AAAE AAAZ F 9l o]
£ °l-%, 7 time step oA HHAHY ut) &
Lo 5HA] & 5 9lch

ol A o2 3k 7} time step of|A{ o] A
1Y u) 2HE $He ALY 5 odd
time step o4 2] &8 HA], A1) & #of wale

2 EAF R AT & glon], o] Hfdx &

AL frEste], A4S A8 & = 3l 5,

Q
ot
N
i
"
1 M‘b
N
ol
Mo. 3 M°‘
A,

i< 24

Cuo My D €7 () +

[
D Saaflp) ereeeere e (18)
k=1 I=]
714, $HA 02 FED st
JAN
Sato (1) =3 (- 252 530 () +
Cklmnijkl hldm (tp) AN g:;;’ff (tp) ............... 19

3.2, AR E S RS 9138 2% (Scheme
for Further Simplification)

ot Aol =l vlEo] cooling Aol 4]
o AEAES B g £4& Ed, AAake
¥He BEH o2 Foly] AT WIS F2e W
= gt} o] & 4], Fig. 1 9 stage II ©+-4 & Fig.
2 o)A Benie) 3o ohA| Al5e] Tg & 7l-r—i
22 stage II-A, Tg 52| stage II-B § <, #
-29] stage II-C 2 1} 133}7| 2 &),

A4, stage II-A o} 4] 3= relaxation & Afo] #]uj
Zlo] FHt}. o]l 3120 A4] reduced time o] HA]7]
gEele] Az ez 23129 ¥4 h 7 FAEG
o atelal e ahe 41(13)9] Hy WA A A, 2
tg_ %yﬂ ol Z AlgrtAlel digk AR o
g2 FAE 4 A "Hoh #5 hool] g, 4
(14)e] £RFA MR 2 88 & F 9l
=3 ol 3HE wE] o gt Al(15), AN)e]] a4
= gA] nprpA o]t} &, o] O@MW«I Zt time
step o|4] relaxation function 2 FAs= HA
AEE o2 ki3] o|gtEE Heolung, uf
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2] o] ddexel Ay AFL, relaxed mo-
dulus 9H-& A3 g Sl o 2 S Rsl,

&4, A2 94l stage II-C of]x]2] A4, re-
laxation A4S A& FA1E & gled), o]= A&
o]} 4] reduced time o] 3] Zro}xl7] wlFo|r}. o)
A%, A1(12) 9 ¢ h & 1 2 T3 e
w2} Al (14) E AA7) <9 HAAAEL A
100 % S-E38A Fr}. 2l mE o] ddoAlE )
3% relaxed modulus 2} unrelaxed mo-
dulus & ¢t Z7]9 BAE 7& Folsln, 94
s4& & 5 gl

o)e] F gjeime D), 7 F7be) stage I1B
9] As-ole A4 relaxation o] FAD ¢
0 AR dolupd HER = o F 4]
aelsle]of gt & o] Ao AEAFTE 2
Ak A A e 2 Jrt

& AFores ol & F, cooling 2AE
AL (s FHA) > HBA > A2 B2 A
dgo FEICh o] E 7] Fiel 3le]
A=, 7t time step o419 &l f3hese] 2o}
1ol whE reduced time & TAFLZ 11 FHolH
% 2% 2 9loh o AgeAs, A28 g h
e TAR Azt AHolAL AHY 5 9k &,

stage II-A 2R (= HA) 1 hy (L) < TOL
stage II-B "Bt : TOL < hy () < 1-TOL
stage I1I-C A& &tAl : by, ,(5) > 1-TOL

of7]x] TOL & FHeold AA o] g} tolerance
o3 0.01 ~ 0001 Wsle] & TP + 9leh.
Fig. 4 = ol 48] sl4 34 ¢ A4k T2 7a5)8)7]
sa B8t}

A e Bl glass/PEI A g2 Azt
HAF JAH= W& 2 o HFAL A7
He| g71& &) H9), 48 2 e F )
A Yz A 6 g dja] TOL=0.001 &} o2 3 o
o Frale] gAY A4S S AFE 2 7)Y
o 484 Q23 T3 ASHI6L o] %, U2}
Alzbol 330 %9l F4 Aol Z7] 36% & stage
II-A, 36 - 61.5 & A}o]r} stage II-B, 1 0|57}
stage II-C 2 783 $ 9J&% B Fr}. oo
w3, A A PzhA] 7o) 4730 291 9] Aol
%719 115 =% stage IT-A, 115 - 8582 A}ol7}
stage II-B, 1 o]%7} stage II-CE F-#= gt}

calculate ele. terperature;
(time step=1.....p)
1

for all the elements
calculate Bawkt, Bmjt
j

calculate £ (for each element)

T
check huiw for all the elements

if huo$ TOL then NTYPE=] |
if TOLShwos 1-TOL then NTYPE=2

loop for elemems

= if huo 2TOL then NTYPE=3
— | ™

i :

& depending on NTYPE, calculate
'Z’: stiffness matrix (using gmkie)
E & load vectors (using fmkiw)

solve equilibrium equation I

calculate |

element strain i
& stress(using siklem)

Fig. 4. The flow chart for finite element pro-
gramming using the recursive formulae. As-
sumption is made that the transient heat
transfer is not coupled with viscoelastic
stresses.

toop for elements

Z, AA Pzt A F 10 - 15% ool s qt
A sAg sk, 2 2ol dsxe g4 3
Ao gqiAT 4 gle& AAbeta i, o224
ol Wk ol F&A S fFd T olth &, 4]
o] 7t Ao AAEE UR-GH )= S
419 Yz el wfel Aol glov, stage II-
B o] AutA dAllA AA HF-&H e 30% o4t
o] g o] MATE vebl 3 gla, o] 2 HEA
el aAde #als F3 ol o] glass/PEI
Mee] S w2 AQYgolBE, crystallinity 2
A Adel 28 microstructure] W3l glonm g
o] 7% Fig. 29| stage 1 & &4 3} =t
4. A =

=2 17

Bga 9] A LA A5G AEs)
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A BESESHEE2GR

H-53H9 o &g g 2dYT g A
g Bo 2 gdFsiget. o 2l e gleaA v
H.ead HpAjo]ete] 7]E7]F-(basic mechanism)
o} FAFAZE] GEAAZ AAA e 28 s}y
HalAe A 2dde] vtz dasidE 2
£ =28ty =3 250 o A5 §3Ho]
st &% wEE 2y 2] geigto gy, By
Ao} A¥a TP g mdge] gle]A,
B3y zhdat Ay HgAdol S HL4E £ 9lS
& FE3 ot

A=A 23 digt &4
olg} & £ e, E&HY FI84sY al
gorithm & A|F3}lgic}. ol A8 rIdEas
Ao xAe|slr] 98] Taylor £ 9fs]
Aets 4324 (recursive formula) A8 78
Ed2 g Aeoluh, & dFdM= o} 315 W
4 g Abel7tA ol & AL 5 S
By, WE-e] o B A A}
A F M Fes AYF Y4 s (e
£ HA) > A > AL Aol 4 ddew
g BolA, -5 Ao g Aldte] Ag
S S FAA S 9SS By o), A A
o) gk d-EA A dd-E X, A 49 F
2T A (stage 11-A), 2 A -2-8tAd o H(stage
II-C) o 7ol dhisixde FaAda)Hosl eale)
Aoz gAg 4 glr] diiel sFesicl. ZF o4y
7o} ol alefA ] AHolH &, 7} time step ol
A9 FReand e 2xo o 89
reduced time & F¥sl= ¥4 h & Has}la,
1ol A4 gk tolerance gt& Fogo vy AL 5
siek
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