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Comparison of the Stress Concentration Factors for GFRP Plate having
Centered Circular Hole by Three Resource-Conserving Methods

Zhongchen Gao*, Soo-Jeong Park**, Yun-Hae Kim***'

ABSTRACT: Fiber reinforced plastic (FRP) composites have drawn increasing attentions worldwide for decades due to
its outstanding properties. Stress concentration factor (SCF) as an essential parameter in materials science are critically
considered in structure design and application, strength assessment and failure prediction. However, investigation of
stress concentration in FRP composites has been rarely reported so far. In this study, three resource-conserving
analyses (Isotropic analysis, Orthotropic analysis and Finite element analysis) were introduced to plot the K; — d/W
curve for E-glass/epoxy composite plate with the geometrical defect of circular hole placed centrally. The plates were
loaded to uniaxial direction for simplification. Finite element analysis (FEA) was carried out via ACP (ANSYS
composite prepost module). Based on the least squares method, a simple expression of fitting equation could be given
based on the simulated results of a set of discrete points. Finally, all three achievable solutions were presented
graphically for explicit comparison. In addition, the investigation into customized efficient SCFs has also been carried

out for further reference.
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1. INTRODUCTION

Recently, materials of the existing structure in industrial
field such as aluminum and metal have been substituted for
composite materials due the increased the needs for structural
stabilities under rapid changes of temperature [1]. Most
composite material structures include joint parts and this
often results in reducing efficiency of whole structures.
Especially mechanical joint is a way to selecting typically. In
the practical application of composites, however, the riveted
joints have inevitably holes, which cause stress concentration.

However, stress concentrations around holes will have
great influence on the performance of the structure. The
failure strengths of composite materials are strongly sensitive
to hole. The net failure stress, which takes into account the
reduction in cross-sectional area, is typically much less than
the ultimate tensile strength of the same materials without
the hole. For example, strength reduction of 40-60% has

been reported for a glass fiber reinforced plastic plate [2].

In this study, we consider the stress concentration factor
(SCF), K’; in nonrestrictive stress concentration situation--
with finite width or considerable d/W scale. K is defined as
the ratio of the maximum stress in the presence of a
geometric irregularity or discontinuity to the stress that
would exist at the same point if the irregularity was not
present [3].

2. THEORETICAL ANALYSES

2.1 Isotropic Analysis

Currently, most of the strength analysis associated with
SCFs are based on the condition of infinite width/diameter
plate because it has a closed form solution of stress distributions.
In the case of infinite width plate under uniaxial tension (Fig. 1)
o, in the 1-axis direction at the point on the 2-axis in front of

y
the hole may be approximated by equations (1) and (2) [4]:
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Fig. 1. Plate with a circular hole and under uniaxial tension
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0 (x,0) : Stress along y direction at the coordinate of (x, 0); p:
Radius of the hole.

Due to the considerably small d/W ratio in most practical
applications, it is necessary to take into account the effect of
finite width/diameter on SCFs. By defining a scale factor as the
ratio of the finite width to the infinite width, such effect can be
suitably considered.

By using a curve fitting technique, the SFs for an isotropic
plate with a centered hole can be determined accurately [5,6]:

Ki' 3a-diw) o

K, 2+(1-d/wy’

where K?’fq

1
5

and K’;,,. represent the SCFs at point A in an
isotropic plate under uniaxial tension with infinite and
finite width, respectively. The d is the diameter of the hole
and W is the width of the plate. o represents infinite width
plate.

According to equation (2) and (3), an K’;, ; can be simply
expressed as:

K‘;,i:(l—d/W)z-i-Z/(l—d/W) (4)

From above analysis, it can be known that the SCFs at point
A is not a function of the material properties. With a same
value of the d/W, there is exactly the same value of K';,,-.
The d/W is the only variable to the K’;i . As is well known, for
isotropic materials, which lies in linear elastic region, the stress
distribution is only a function of geometry and force. Since the
behavior of fully solidified epoxy is roughly linear and elastic,
the above analysis is appropriate. Therefore, here we plot the
Ky—d/W curve, as shown in Fig. 2.

Isotropic
12
10
8
K; e
4
2
0

0 0.2 0.4 0.6 0.8 1
d/W

Fig. 2. The SCFs at point A for isotropic plate under uniaxial ten-
sion

2.2 Orthotropic Analysis
The stress-strain relation for a three dimensional linear elas-
tic, anisotropic material is given as:

{o} =[Clie} (5)

which is also known as Hooke’s law. o and ¢ are stress and
strain vectors respectively. The matrix of [C] is referred to as
the material stiffness matrix which has 21 independent con-
stants.

In the case of an orthotropic plate, it can be simplified as:

%1 Q, Q, 0|5

0= 1Q Qp 0 & (6)
T 0 0 Qg 72

Here, direction 1, 2 are the principal material axes.
The coefficient of the stiffness matrix Q are expressed as fol-
lowing:

Qu =E\/(1-vyvy)

Q= Ep/(1-v,vy)

Q= vy Ej/(1-v5v5)

Qes = G, (7)

Only four of five engineering elastic constants are inde-
pendent. The fifth one could be derived by:

E vy =Eypvy, (8)

For an infinite orthotropic plate containing a circular hole
under to a remote uniform stress g, in direction 1 (Fig. 3),
with assumption of linear-elastic response, the normal stress
o, in the 1-axis direction at the point on the 2-axis in front of
the hole can be approximated by [7]:

9= )0 P

(2x>d) )
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Therefore, the SCF of point A, (x = a), K2 is:

E E
Kyt =1+n=1+ lz(E—“—vu)+G—“ (11)
22 12

E, v, G could be measured by an experiment method.

Equation (10) gives a constant value of the KC;’A for the
same material regardless of the circular hole size. As for the
finite orthotropic laminates, a closed form solution, the finite-
width correction (FWCQC) factor has been derived based on an
approximate stress analysis [8,9]:

Ki'_ 30-diW)  1(d N° o d Y

s (M) ] )
where KC;’A and the K/;i represent the SCF at point A for an
orthotropic plate under uniaxial tension with infinite and
finite width, respectively.

M is a magnification factor, which is only a function of d/W.
The detailed expression is given as [9]:

—1+A/1—8[¥L3 Ld/W 3—1}
2+(1-d/W)
2(dIWy’

Obviously, at a certain value of the d/W, the SCFs only
depend on the orthotropic properties. In this paper, the com-
posite plate is designed to have the balanced and symmetry
stacking sequence of [0/90/0/90]s which is representative in
real application (Fig. 3). Based on the experimental measure-
ment, the relevant orthotropic material parameters in average
are tabulated below.

The shear modulus G,, is computed by [10]:

M= (13)

14 _1—21/12__}_ (14)
G12 E45 Ell E22

Equation (14) indicates that in addition to E,;, E,, and v,,,
require Young’s modulus in 45 degree direction E,; is required,
which equals to 13.16 GPa. According to equation (11), (12),
(13), the K3—d/W function based on orthotropic analysis has
been determined by substituting the orthotropic elasticity
properties in Table 1. The curve is plotted in Fig. 4:

Fig. 3. Designed fiber reinforced cross-ply composite plate in [0/
90/0/901s layups with circular hole

Table 1. The orthotropic material parameters of E-glass-epoxy

[0/90/0/90]s plate
E,, (GPa) E,, (GPa) Vi, G,,(GPa)
21.1 20.3 0.379 4.11

E,;, E,;: modulus in two principal material axes; V,,: Poissons
ratio; G,,: shear modulus.
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Fig. 4. The SCFs at point A for E-glass-epoxy plate with a circular
hole under uniaxial tension by orthotropic analysis (in E;,
direction)

2.3 FEA Simulation

Via ACP module in ANSYS-Workbench, various models
with all difference in shape, thickness, orientation, could be
simulated only with an essential condition of the orthotropic
elasticity of one single ply. It provides an efficient pathway and
brings huge convenience to the estimation to SCFs.

According to experimental results, the least required orth-
otropic material parameters are listed in Table 2.

The v,, is suggested as the value of Poisson’s ratio in pure
epoxy bulk. The G,; is calculated by G,; =E,,/2(1+v,;) [11].

The geometry (Fig. 3) is designed to be rectangle plate with
a central circular hole. For the same d/W, the actual hole size
or plate width has little influence on the SCFs [12]. All com-
posite plates are fixed with the same width, thickness and
length, which are 20 mm, 3.6 mm and 200 mm, respectively.
The hole diameter is the only variable (Table 3). In addition,
the layup structure is demonstrated in Fig. 5 as well as polar
properties.

In order to ensure the accuracy for solution, the element size
is adjusted to as small as 0.0005 m. There are two behaviors for
meshing hard and soft. If we choose the hard option for edges,

Table 2. Orthotropic material parameters of single UD-E-glass/
epoxy plate

E,(GPa) | 419 | V,, | 03254 | G,,(GPa) 3.4
E,, (GPa) 7.8 V,, | 04034 | G, (GPa) 2.8
E,;(GPa) 7.8 Vi, | 03254 | G,;(GPa) 3.4

E,., E,,, v;5» G,,: refer to the Table 1; E,;: modulus in the perpen-
dicular direction; v,;, v,5: Poisson's ratio; G,;, G, ;: shear modulus.
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Table 3. Geometrical sizes of the plates
d (mm)

2 3 4 5 6 7 8 9

Length 200 | 200 | 200 | 200 | 200 | 200 | 200 | 200
Thickness 36 | 36 | 36 | 3.6 | 36 | 3.6 | 3.6 | 3.6
Width 20 20 20 20 20 20 20 20

d/w 0.1 {0.15] 0.2 [0.25] 0.3 |0.35| 0.4 |0.45

d (mm)

10 | 11 12 | 13 14 | 15 16

Length 200 | 200 | 200 | 200 | 200 | 200 | 200
Thickness | 3.6 | 3.6 | 3.6 | 3.6 | 3.6 | 3.6 | 3.6
Width 20 | 20 | 20 | 20 | 20 | 20 | 20
aw 0.5 (055 0.6 [0.65]| 0.7 [0.75] 0.8

15 _| Epoxy/E-glass (UD), a=0, t=0.45
" 1 Epoxy/E-glass (UD), a=90, t=0.45
§ 05 - Epoxy/E-glass (UD), a=0, t=0.45
bS] 0 Epoxy/E-glass (UD), a=90, t=0.45
o £
8 i Epoxy/E-glass (UD), a=90, t=0.45
2 ) '1 1 Epoxy/E-glass (UD), a=0, t=0.45
- Epoxy/E-glass (UD), a=90, t=0.45
-1.5 Epoxy/E-glass (UD), a=0, t=0.45

Laminate a=0, t=3.6

(a) Laminate. MP, AP

(b) Polar properties

Fig. 5. Layup and polar properties

the size or number of divisions is fixed on the edge and cannot
be changed by the meshing algorithm and the likelihood of a
mesh failure increases. On the other hand, if we chow the soft
option for edges, faces and bodies, the size control will be
affected by proximity, curvature and local remeshing during
the meshing process. Finally, meshing is generated in hard
behavior to guarantee, the meshing size will not be affected by
curvature, as shown in Fig. 6:

Since it is all about stress distribution, the input load is irrel-
evant. In any case, the solution reveals a significant effect of
repeated stress concentration along larger diameter (Fig. 7).

The discrete values of the K;l (Table 4) were extracted to
plot the K’; —d/W curve. Accordingly, the process variables of
the system are fitted by polynomial least square method in
MATLAB. The following curve has been produced, as shown

Fig. 6. FEA mesh for 7/20-d/W scale plate

Fig. 7. Stress in 1-axis direction Nephogram with different d/W
scale

Table 4. SCFs at point A with different d/W scale in arithmetic

sequence
aw 0.1 0.15 0.2 0.25 0.3
K? 3.079 3.173 3.285 3.462 3.658
da/w 0.35 0.4 0.45 0.5 0.55
K’; 3.858 4.118 4.395 4.708 5.153
a/w 0.6 0.65 0.7 0.75 0.8
K'; 5.693 6.325 7.196 8.44 10.221
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
d/w

Fig. 8. Fitted curve of KA} —d/W produced by MATLAB

in Fig. 8.
In addition, the approximate equation in polynomial form is
expressed:

K?(%) = 77.0567(%)4— 103.2063(%)3+ 54.4874(‘%)2
—8.6833(‘%) +3.5266 (15)

In this equation, one of the minimal extremum points is
located around d/W = 0.11. Therefore, only [0.11, 1] of the d/
W can be taken into account. In consideration of real appli-
cation in engineering, the reasonable interval of the d/W could
be set as [0.1, 0.8].

3. COMPARISON

Based on the research above, all three analyses emphasize
the considerable d/W scale effect on the SCE Each solution
reveals an increment greater than 7 on the SCFs of point A in
between 0.1 and 0.8 of the d/W (Table 5).

As shown in Fig. 9, three curves roughly in parallel with
each other, and each K?i increases progressively with the d/W
in [0.1,0.8] interval. Among them, the values of K/; from orth-
otropic solution are relatively large, and the K’; in isotropic
situation are small in contrary. The K7 from FEA solution
varies in between orthotropic curve and isotropic curve.
Under the same tendency (Fig. 9), there are several significant
differences among them. Isotropic solution is dependent on
material properties and the geometry. However, orthotropic
solution and FEA solution are closely related to the ortho-
tropic elasticity. Consequently, the accurate solution to the
problem is necessary. For orthotropic solution, 4 independent
parameters are required in the investigation of imperforated
plate. On the other hand, FEA solution needs 9 elastic material
parameters of one single ply (Table 2). The suitable approach
to choose depends on what properties of the material we have
previously obtained.

12 7

10 +

= IsOtrOpiC

a— FEA

=== Orthotropic

0 0.2 04 0.6 08 1

d/W

Fig. 9. K;‘- —d/W curves under axial tension

Table 5. Comparison of K{ on each discrete value of d/W

d/w 0.1 0.15 0.2 0.25 0.3

K7, 3.032 | 3.075 3.14 3229 | 3347
K7y 3108 | 3.141 | 3.267 | 3450 | 3.663
Kro 3572 | 3.623 | 3.698 | 3.802 | 3.938
d/w 035 0.4 0.45 0.5 0.55

Ky, 3499 | 3.693 | 3.939 425 4.646
Krp 3894 | 4139 | 4408 | 4722 | 5113

Kro 4110 | 4326 | 4594 | 4928 | 5347
d/w 0.6 0.65 0.7 0.75 0.8

K7, 5.16 5837 | 6757 | 8061 | 10.04
Kpp 5626 | 6315 | 7249 | 8504 | 10.173
Kro 5881 | 6577 | 7513 | 8833 | 10.822

I represents isotropic analysis; F represents FEA analysis; O represents
orthotropic analysis.

4. EXPERIMENTAL RESULTS

In engineering, to predict the strength of a structure, an
effective SCF is more referable, due to the variety of material
properties, surface states, and structure sizes, etc. Here, we
define the concept of effective SCE K in the model of a plate
with a circular hole:

, _P
K =%

(16)

where P’, P are the limit loads of finite width plates with and
without a circular hole, respectively.

Furthermore, SCF sensitivity coefficient q has been intro-
duced to indicate the influence of SCF on the actual strength
performance:

_(Kp-D)

17
(K7—1) W
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Fig. 10. Plates with and without a circular hole
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Fig. 11. Qualified condition of outside surface in center-perfo-
rated coupon

The sensitivity coefficient, g, equals to zero means that there
is no influence of SCF on the strength performance. Inversely,
q=1 stands for the tremendous reduction on the strength
caused by SCE

By conducting a contrast tension test between virgin plates

and perforated plates (Fig. 10), the series of values for K;
could be calculated. The width W and length L of plates are
summarized in Table 3.

In this study, all centered holes in plates were generated
using common drilling machine. After holes were drilled, the
specimens were examined using SEM. In order to enhance the
image, the outside surface was coated with platinum. Only the
specimens in a sound condition, which has smooth surface
with evenly covered resin (Fig. 11-(e)) and shows no cracks
around hole areas (Fig. 11-(a), (b), (c)) and edge regions (Fig.
11-(d)), were selected for the tension test.

All specimens were incrementally loaded in universal test-
ing machine with displacement rate of 0.5 mm/min. Finally, 12
sets of effective SCF data were collected in [0.1, 0.65] interval
of d/W. Averages are tabulated down below (Table 6).

The effective SCF is increasing with increasing of d as
expected. However, the values are confined to be less than 1.25
up to d/W = 0.65. The SCF sensitivity coefficients have been
computed from equation (17), and summarized in Table 7.
The computation shows no increasing or declining trend
whatsoever, and the values vary in typical fluctuating behavior
which mainly caused by measurement errors. The means val-
ues of g, qp and q,, are 4.98%, 4.49% and 4.06%, respectively.
Such small values of q predict small reduction in the strength
performance of the structure and verify the fact of significant
enhancement due to the existence of glass fibers inside epoxy
matrix as reported in many studies. According to the previous
researches, the low percentage of SCF sensitivity coefficient is
mainly the result of crack resistance behavior of fibers. How-
ever, the effect of stress redistribution caused by the universal
vertical crack found in the later loading process (Fig. 12) may
have further influence on the q value. In order to explain this,
further investigation will be necessary.

Table 6. Effective SCF at certain d/W

aw 0.105 0.16 0.2 0.2505 0.3 0.35
ESCF | 1.0984 | 1.1093 | 1.1083 | 1.1163 | 1.1243 | 1.1257
a/w 0.4 0.44 0.485 0.54 0.6 0.65
ESCF | 1.1395 | 1.1418 | 1.1482 | 1.1611 | 1.1934 | 1.2475

Table 7. SCF sensitivity coefficients

gw 0.105 0.16 0.2 0.2505 0.3 0.35

q

Gy | 483 | 524 | 506 | 522 | 529 | 5.03
Qrey | 467 | 506 | 478 | 475 | 467 | 435
dowy | 382 | 415 | 401 | 415 | 423 | 4.04

AW

q 0.4 0.44 0.485 0.54 0.6 0.65

Qoo | 518 | 492 | 471 | 453 | 465 | 5.12
Qe | 444 | 423 | 409 | 400 | 418 | 466
dowy | 419 | 401 | 388 | 379 | 396 | 444
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Fig. 12. Vertical cracks found right in the vicinity of hole edge at
later stage of loading process

4. CONCLUSIONS

In this study, three theoretical methods have been carried
out to estimate K;' with the variation of d/W in an E-glass/
epoxy composite plate having a central circular hole. The ana-
lytic results calculated by orthotropic method are larger than
the ones calculated by FEA simulation. The d/W values are in
the range between 0.1 and 0.8. Since the isotropic analysis is
independent from material properties, it's less referable.
Instead of searching for appropriate failure criterion [13,14],
an empirical relation is preferred to predict the actual failure.
The SCF sensitivity coefficient calculated FEA solution in [0.1,
0.65] interval of the d/W is 4.49, which is larger than the value

of 4.06 calculated from orthotropic solution. The subject of
this study aims is to provide simple and efficient ways for the
estimation of the hole effect on the plate structure. The proper
method is largely dependent on the known conditions. The
vertical crack found in tension test needs further investigation.
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